A dynamical decoupling method is presented which is based on embedding a deterministic decoupling scheme into a stochastic one. This way it is possible to combine the advantages of both methods and to increase the suppression of undesired perturbations of quantum systems significantly even for long interaction times. As a first application the stabilization of a quantum memory is discussed which is perturbed by one-and two-qubit interactions. DOI: 10.1103/PhysRevLett.95.250501 PACS numbers: 03.67.Pp, 05.45.Mt, 03.67.Lx The desire to control quantum systems and to push characteristic quantum phenomena more and more into the macroscopic domain necessitates the development of suitable methods which are capable of canceling undesired perturbations as much as possible. Such methods are not only of significant interest for the further development of quantum information science but are also important in more traditional areas of quantum physics, such as highresolution spectroscopy. So far, two different strategies have been pursued to suppress undesired perturbations in quantum systems. First of all, one may cancel such perturbations by appropriate sequences of control measurements and unitary recovery operations [1] . This approach requires the use of redundant quantum states and, in principle, it is capable of correcting errors perfectly. However, with recent experimental techniques it is difficult to realize typical syndrome measurements and recovery operations required.
A dynamical decoupling method is presented which is based on embedding a deterministic decoupling scheme into a stochastic one. This way it is possible to combine the advantages of both methods and to increase the suppression of undesired perturbations of quantum systems significantly even for long interaction times. As a first application the stabilization of a quantum memory is discussed which is perturbed by one-and two-qubit interactions. DOI The desire to control quantum systems and to push characteristic quantum phenomena more and more into the macroscopic domain necessitates the development of suitable methods which are capable of canceling undesired perturbations as much as possible. Such methods are not only of significant interest for the further development of quantum information science but are also important in more traditional areas of quantum physics, such as highresolution spectroscopy. So far, two different strategies have been pursued to suppress undesired perturbations in quantum systems. First of all, one may cancel such perturbations by appropriate sequences of control measurements and unitary recovery operations [1] . This approach requires the use of redundant quantum states and, in principle, it is capable of correcting errors perfectly. However, with recent experimental techniques it is difficult to realize typical syndrome measurements and recovery operations required.
The strategy pursued in dynamical decoupling methods [2 -11] is different. Thereby, one uses controlled unitary dynamics to suppress undesired perturbations as much as possible. As these methods are not based on redundancy and quantum measurements they tend to be implementable in realistic scenarios more easily. Depending on the type of dynamics applied one distinguishes deterministic and stochastic decoupling methods. Deterministic methods [2] [3] [4] [5] [6] [7] [8] [9] are already well developed. Numerous deterministic sequences of unitary operations are already known which are able to suppress few-qubit perturbations. Stochastic decoupling methods [10, 11] have been introduced only recently. In particular, it was demonstrated that for sufficiently long interaction times stochastic decoupling methods offer advantages over deterministic ones. Typically, they lead to a linear-in-time fidelity decay whereas the fidelity decay of deterministic methods is quadratic in time. Nevertheless, for sufficiently short interaction times the error suppression capabilities of deterministic methods are typically stronger than of stochastic ones.
In this Letter it is demonstrated that the advantages of both methods can be combined by embedding an appropriate deterministic decoupling scheme into a stochastic one. As a result, one achieves the significant suppression of perturbations which is characteristic for deterministic decoupling schemes and, in addition, one also produces a rather slow linear-in-time fidelity decay which is typical for stochastic decoupling methods. Motivated by the potential impact these error suppression methods might have on the future development of quantum information science, in the following the basic ideas of these embedded decoupling methods are demonstrated for a quantum memory which is perturbed by interqubit couplings.
Let us start by summarizing briefly the main ideas underlying deterministic dynamical decoupling methods [2] [3] [4] [5] [6] [7] [8] [9] in more detail. For this purpose we consider a quantum state j i of a n q -qubit quantum memory which is perturbed by an unknown interqubit coupling Hamiltonian, sayĤ 0 . The resulting coherent errors may be suppressed by modifying the n q -qubit dynamics with the help of an appropriate periodic deterministic control sequence of unitary operations. Within the framework of the bang-bang methods [2] , for example, such a periodic cycle of duration T c N c consists of N c unitary operations. They are of the formd jd y jÿ1 with properly chosen unitary operationsd j which are applied (approximately) instantaneously at times t j j whereas j 2 f0; 1; . . . ; N c g andd N c d y ÿ1 1 [compare with Fig. 1(a) ]. Thus, after one cycle the resulting dynamics of the quantum memory are described by the unitary time evolution operator
with the ''interaction-picture'' HamiltoniansĤ j d y jĤ0dj . In order to suppress the perturbing influence ofĤ 0 as much as possible, this control cycle should fulfill the requirement
time the perturbation is canceled by the control sequence at least to lowest order average Hamiltonian theory [12] . Nevertheless, as this cancellation is not perfect, repeated applications of the deterministic control cycle lead to a coherent accumulation of the residual perturbation characterized by the average Hamiltonian^ H withÛT c expÿi^ HT c =@. As a result any linear superposition of eigenstates of^ H is dephased. Thus, the short-time evolution of the fidelity fT of the quantum state j i is given by [10] fT nT c jh jÛT c n j ij
with the relevant energy uncertainty of the residual interaction H 2 h j^ H ÿ h j^ Hj i 2 j i. An upper bound of the residual interaction is given by the norm of the Hamiltonian k^ Hk. Using condition (1) and basic properties of the logarithmic function we may obtain the inequalities H k^ Hk ÿ ln2 ÿ e kĤ 0 kT c =@
Thus, for small cycle times T c with kĤ 0 kT c =@ 1 a lower bound of the fidelity is given by [10, 13] fT nT c 1 ÿ
In general, deterministic decoupling schemes suffer from two major drawbacks [10] . First, some perturbations may require rather long control cycles so that a significant error suppression cannot be achieved. Second, it is unclear how to suppress perturbations which change on time scales short in comparison with cycle times required.
In order to overcome these drawbacks stochastic decoupling methods have been proposed recently [10, 11] . In the Pauli-random-error-correction-(PAREC) method [11] , for example, the periodically repeated control cycles of deterministic methods are replaced by a single random sequence of (approximately) instantaneous uncorrelated unitary operations. Thus, the deterministic unitary operationŝ d j of the bang-bang methods are replaced by unitary transformationsr j , each of which is a product of uncorrelated random one-qubit Pauli operators, i.e.,r j 2 f1;X;Ŷ;Ẑg n q , with the Pauli-spin operatorsX,Ŷ, andẐ. Within a time interval of duration T nt the resulting dynamics are described by a unitary time evolution operator of the form of Eq. (1) with the replacement T c ! T and with the ''interaction-picture'' HamiltoniansĤ j !r y jĤ0rj . In order to suppress the perturbing influence ofĤ 0 the random sequence of unitary Pauli operationsr j should be statistically independent. Provided these uncorrelated random Pauli operations are applied after equal time intervals of duration t a lower bound of the mean fidelity is given by [10, 11, 14] E fT 1 ÿ ÿT OÿT
if the interaction time T nt is so small that j1 ÿ EfTj 1. (E denotes the statistical averaging over the uncorrelated random unitary operationsr j .) Consistent with Fermi's golden rule the decay rate is given by ÿ 2=@t=2@H 2 0 and H 0 2 h jĤ 0 ÿ h jĤ 0 j i 2 j i is the relevant energy uncertainty of the original perturbation. The lower bound of (6) [10, 13] is based on the inequality H 0 2 kĤ 0 k 2 . According to relation (6), stochastic decoupling methods, such as the PAREC method, offer the advantage that residual errors which are not corrected by the randomly applied unitary operations do not add coherently so that the fidelity decays linearly with interaction time T and not quadratically as in the case of deterministic methods. As a consequence, for sufficiently long interaction times stochastic decoupling methods offer a higher degree of error suppression than deterministic ones. But, for sufficiently short interaction times deterministic decoupling methods are still expected to be more accurate because the lower bounds of their fidelities scale with kĤ 0 k 4 [compare with (5)] in contrast to the kĤ 0 k 2 scaling predicted by relation (6) .
By embedding a deterministic decoupling scheme into a stochastic one, errors are suppressed to a large extent not only for short but also for long interaction times without requiring any major additional effort. The basic idea of such an embedding scheme based on the recently proposed PAREC method is depicted in Fig. 1(c) . In order to stabilize a quantum state over a time interval of magnitude T nT c we first of all take advantage of the PAREC method by FIG. 1. Schematic representation of the deterministic bangbang method (a), the PAREC method (b), and an associated embedded decoupling scheme: the time evolution between subsequent instantaneously applied unitary operations is governed by the perturbing HamiltonianĤ 0 . In the embedded decoupling scheme (c) the deterministic decoupling cycle of (a) is embedded between any two subsequent random unitary operations of the PAREC method with t T c N c .
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250501-2 applying (approximately) instantaneous random Pauli operations after each time interval of duration t T c . In addition, in order to get rid of large parts of the undesired perturbationĤ 0 within each of these time intervals we embed a deterministic decoupling scheme with cycle time T c between any two of these random Pauli operations. As a result, within each time interval of duration t T c the time evolution is now governed by the residual interaction^ H. Furthermore,^ H is suppressed by the randomization due to the PAREC method. Thus, this embedding procedure decreases the fidelity decays of Eqs. (3) and (6) significantly. In particular, using the replacementsĤ 0 ! H, t ! T c in the lower bound of Eq. (6), and invoking relation (4) for kĤ 0 kT c =@ 1 one obtains the lower bound
for the mean fidelity of the resulting quantum state. It indicates already a significantly slower fidelity decay than the corresponding decays of the deterministic and stochastic procedures of relations (5) and (6) . In particular, this lower bound of the fidelity decays linearly with T and, in addition, it scales with kĤ 0 k 4 . It should be mentioned that the condition t T c is necessary for the simultaneous suppression of^ H 0 by the deterministic scheme and of^ H by the stochastic scheme. Let us now investigate this fidelity decay quantitatively in more detail. For this purpose we consider a quantum memory consisting of n q 9 distinguishable qubits which are arranged in an equidistant two-dimensional array (compare with Fig. 2 ). This quantum memory is assumed to be perturbed by Ising-and Heisenberg-type qubit interactions of the formĤ 0 =@ P n q ÿ1 k0 kẐk P n q ÿ1 k<l0 J kl X kXl Y kŶl Ẑ kẐl with the time independent perturbation parameters k and J kl . Initially, the quantum memory is assumed to be prepared in the coherent state j i 2=D 1=4 P Dÿ1 m0 e ÿimÿmÿD=2 2 =D jmi with the dimension of the Hilbert space D 2 n q and with jm P n q ÿ1 l0 2 l i l i ji n q ÿ1 i ji 1 i ji 0 i (i l 2 f0; 1g) denoting the D orthonormal basis states of the computational basis.
The resulting time evolution of the fidelity is depicted by the full lower curve of Fig. 2 . For sufficiently short interaction times T the fidelity decay is given by
The resulting quadratic-in-time decay reflects the dephasing of the initially prepared quantum state j i. At larger interaction times the dynamics are governed by recurrence and revival phenomena which characterize the intricate quantum interferences involved [15] . The extent to which the PAREC method is capable of stabilizing the initially prepared quantum state is exemplified by the full upper curve of Fig. 2 . The fidelity was obtained by averaging over 200 numerical runs to simulate the statistical averaging E over ther j 's. As expected, the resulting mean fidelity decay is linear in time and is well described by the decay rate ÿ of relation (6) (dashed upper curve of Fig. 2 ).
As the perturbing interactionĤ 0 involves one-and twoqubit operations only an efficient deterministic decoupling cycle can be realized by N c 32 deterministic unitary operationsd j applied at equidistant time steps within the framework of a bang-bang decoupling scheme [8, 9] . These operations are products of Pauli-spin operators of the formd l 1 l n q with l k 2 f0; 1; 2; 3g and with 0 1, 1 X, 2 Ŷ, 3 Ẑ. The 32 relevant values l 1 ; . . . ; l n q are given by the orthogonal array OA32; 9; 4; 2 of Ref. [16] . The resulting time evolution of the fidelity is depicted by the full middle curve of Fig. 3 . It is apparent that this deterministic decoupling method leads to a significant slowing down of the fidelity decay in comparison with the uncorrected time evolution (full lower curve of Fig. 2) . Furthermore, for the interaction times considered this deterministic decoupling procedure also achieves a higher degree of stabilization than the PAREC method with t (lowest full curve of Fig. 3 ). This may be traced back to the rather small residual interaction. Furthermore, this fidelity decay is well approximated by relation (3) . Nevertheless, in view of its quadratic-in-time decay for sufficiently long interaction times T, this deterministic decoupling scheme will eventually become less effective than the linear-in-time decaying PAREC method. The fidelity decay originating from the embedded decoupling scheme in which this deterministic scheme is embedded into the PAREC method with t T c 32 is exemplified by the full uppermost curve of Fig. 3 . Again, the fidelity was obtained by averaging over 200 numerical runs. Over the whole range of interaction times the resulting fidelity is significantly higher than the corresponding values of both the deterministic and the stochastic decoupling method. Thereby, the lower bound of inequality (7) strongly underestimates the actually achievable degree of stabilization. A much better approximation of the relevant fidelity decay is obtained by evaluating the rate ÿ of Eq. (6) on the basis of the residual interaction^ H. The slow linearin-time exponential decay of the embedded scheme and the more rapid quadratic-in-time exponential decay of the deterministic scheme are also apparent from the inset of Fig. 3 .
In summary, a generalized decoupling method has been presented which is based on the embedding of a deterministic scheme into a stochastic one. Thus it is possible to combine the strong error suppression properties of deterministic methods at sufficiently short interaction times with the particularly advantageous properties of stochastic decoupling methods at longer interaction times. The example presented demonstrates the high degree of error suppression achievable by such embedded decoupling schemes. Though this example has focused on the stabilization of a quantum memory's quantum state, it is expected that embedded dynamical decoupling schemes also offer new and promising perspectives for stabilizing the dynamical evolution of quantum systems or of quantum algorithms against undesired perturbations at least in cases in which the relevant deterministic method is able to achieve this goal.
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